Introduction to tensor calculus

Dr. J. Alexandre
King’s College

These lecture notes give an introduction to the formalism used in Special and General
Relativity, at an undergraduate level.
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1 Tensor calculus in Special Relativity

1.1 Motivations

An inertial frame is a frame where an observer at rest does not feel any force and where a
free motion leads to a constant velocity (direction and intensity). If one wishes to go from
an inertial frame to another, i.e. to describe the physics with another point of view, the
changes of coordinates in Newtonian mechanics are given by the Galilée transformations:

=t
r = r4ut, (1)

where ¥ is the velocity of one frame with respect to the other. The transformations (1)
imply that the acceleration @ of a point particle is invariant in this change of frame and
thus a force f felt by the particle is also invariant if you impose the fundamental law of
newtonian mechanics f = ma to be valid in any inertial frame.

Since the time is an invariant quantity in Galilée transformations, the composition of
velocities is obviously given by

dr’  dr

w + 0. (2)
It happens that the transformation (2) is not respected by the experiments (historically:
Michelson’s experiment on diffraction patterns which implies that the speed of light is
independent of the inertial frame considered). The issue Einstein found was ”simply” to
abandon the transformations (1) and to assume that t’ # t.

The independence of the speed of light (that we note ¢) with respect to the inertial
frame leads us to the new postulate: the free motion of a point particle over the distance
|7] during the time ¢ is such that the quantity —c*¢? + |r]? is independent of the inertial
observer.

Therefore if the free particle moves over the distance |7] measured in a frame O (and
|7| measured in a frame O’) during the time ¢t measured in O (and ' measured in O'), we
will have

—* 4 [P = =27+ )2 (3)

Eq.(3) must be considered as the starting point from which everything follows. It has the
status of a postulate.

1.2 Proper-time

Before going to the Lorentz transformations, let us define the proper time 7 as the time
measured in a frame by a clock at rest. In another frame, this clock is labelled by (t,7)
and from Eq.(3) for an infinitesimal motion, we can write



1
dT2 = dtz - gd?ﬁz, (4)

such that

dt 1

dT 1 @'2
c? \ dt

Since the proper-time is measured in the rest frame, fl—f = v is the relative velocity between

the two frames. We denote then v =1/4/1 — v%/¢? and have

dt
=7 (5)
We will see in the next section the new law of velocities composition from which we can
justify that we always have v < ¢, such that ~ is always defined.
For a general motion and not only uniform, we can consider the tangent inertial frame
at any moment and Eq.(5) will be valid all along the trajectory, with v depending on the

time ¢t. Thus the proper time measured on a finite motion between the times ¢; and ¢, will
be

to
Ar = / A
131 7(t>

such that the proper-time is always smaller than the time measured in any other frame.

1.3 Lorentz transformations

We will now look for the new transformations of coordinates, in a change of inertial frame,
which are consistent with the assumption (3). For this, we will consider a motion along the
x-axis, leaving the coordinates y and z unchanged and we will not suppose that the time is
an invariant quantity. Furthermore, we will look for linear transformations since we impose
them to be valid uniformly in space and time. We will thus look for transformations of the
form

' = Dx+ FEt
" = Ax+ Bt
/ — y
Z = z (6)

Plugging the transformations (6) in the assumption (3), we obtain



AD?— A = —1
C2E2 o B2 — C2
ED — AB =

Then if we consider the origin of the spatial coordinates of O, we obtain ' = Bt and
t' = E't, such that

by definition of v. We now have the 4 equations to determine A, B, D, E and find easily
the Lorentz transformation

, v
ct = 7<ct—|——x)
c
¥ = vy(z+ot), (7)
where v = 1/4/1 —v?/c2.

As a first consequence, let us come back to the composition of velocities. From Eqgs.(7),
we obtain

dx’ _dr+ovdt fl—fjtv
dt  dt+ Sdr 1+ 4

c2dt

d de! . dz . . SN T
If we suppose that %¢ << ¢, we are led to 7 ~ S + v, which is the non-relativistic limit.

Then we see that if Cfl—f = ¢, we also have Cfl—“’g = ¢, which was expected from the invariance
of the speed of light and which indicates that the latter is the maximum speed that one
can obtain.

This leads us to the following classification. Two events (¢1,7) and (t3,75) related in
a way such that c¢*(ty — t5)? > (75 — 71)? are said to be separated by a time-like interval
(they can interact via an information that has a speed smaller than c). If they are such
that c?(ty — t2)? < (75 — 71)?, they are said to be separated by a space-like interval (they
cannot interact). Finally, if they are such that ¢?(ty — t5)? = (75 — 71)2, they are said to be
separated by a light-like interval (they can interact only via a ray of light).

Another consequence of the lorentz transformations is the so-called ’length contraction’:
if you measure an infinitesimal length dz’ in a rest frame with the corresponding length dx

measured in another frame at one given time ¢, you obtain from (7)

dx’

%:%
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such that the length measured in the rest frame (the proper-length) is always larger than
the one measured in any other inertial frame. This implies a ’contraction’ of an object
when it is measured by a moving observer.

Finally, a general Lorentz transformation includes also the coordinates y and z, but
always in a way such that the proper-time d7 remains an invariant quantity. We note that
the invariance of dr is also satisfied by rotations in space, leaving the time unchanged, and
not only in a change of inertial frame.

1.4 4-vectors

We now come to the main purpose of this lesson. We wish to take into account these new
effects in a formalism showing naturally the conservation of the infinitesimal proper-time
(4).

In Galilée transformations, the time is an invariant quantity and we consider the trans-
formations of vectors in space. In Lorentz transformations, the time depends on the inertial
observer and thus should be part of a new vector in space-time, having 4 coordinates. We
will write such a 4-component vector z = (ct, 7) such that its components are 2° = ct and
¥ = r* where k = 1,2,3. Its general components will be noted z* where . = 0, 1,2, 3.
The greek letters will denote space-time indices and the latin letters the space indices.

A 4-vector is defined as a set of 4 quantities which transform under a Lorentz transfor-
mation in a change of inertial frame.

By definition, = = (ct, ) is a 4-vector, called the 4-position (we will note with an arrow
the vectors in the 3-dimensional space). Then we can use the proper-time which is an
invariant quantity and define the 4-velocity v with components

_dor
- dr

detdt _ da*
dt dr | at’

ut _

such that u° = ¢ and @ = ~@, where ¥ is the velocity in the 3-dimensional space. u is a
4-vector since it is constructed from another 4-vector and an invariant quantity. It must be
stressed here that the quantities dz*/dt do not form a 4-vector: a Lorentz transformation
on these quantities does not lead to the equivalent quantities dz’*/dt’ in the new frame.

Another example of 4-vector is the 4-momentum p = mu, where m is the mass of a
particle (a constant under Lorentz transformations). Its components are p° = ymc and
P = ymd, which is thus the relativistic momentum (in the 3-dimensional space). A Taylor
expansion of v for v/c << 1 gives

1 1
po = - <mc2 + —mv® + > ,
c 2
where we recognize the kinetic energy mwv?/2 and the mass energy mc? defined as the
energy of the particle in the rest frame. We will thus call the energy of the particle the
quantity £ = ymc? and the 4-momentum can be written



(5]
p=\—-y7ymv

C

Other examples of 4-vectors will be seen after the definition of their scalar product.

1.5 Scalar product in Minkowsky space-time

The idea is to define a scalar product which is left invariant in a change of inertial frame,
just as the usual scalar product is left invariant under a rotation in space.

Let z and y be two 4-vectors. We note x = x*¢, and y = y”e,, where the 4-vectors e,
form a basis of the 4-dimensional space-time and the summation over repeated indices is
understood. We want the scalar product z.y of z and y to satisfy

Ty = y.r
r(y+z) = xzy+uxz
(az)y = w.(ay) = a(z.y)

where a is any real number. With these properties we have then z.y = x#y"e,.e, = 2 y"n,,
where

N = Moy = €-C.

By definition of the scalar product, we want it to be invariant in a change of frame, such
that we have to take

and —z%° +a*y" is left invariant. 7, is called the metric tensor. We will see the definition
of tensors in the next section and see that 7, is indeed a tensor. For the moment, we can
consider it as an array 4 x 4. Note that we could have taken the opposite signs for the
components 17,,. This would not have changed the Physics, of course, and is just a matter
of convention.

We define then the new quantities

v
Ty = T N,



which are called the covariant components of x, whereas those with the indice up are called
the contravariant components. We have then for any 4-vector z: o = —2° and z, = 2*
(k =1,2,3). With this definition, we can write the scalar product in a compact way

ry = 2"Y'nw
— % 4 oyt 4+ a2y? + 2P
= 2"y +alyr + 2Py + 2%ys
We note that in a scalar product we always sum a covariant indice with a contravariant

one, and not two of the same kind.
We also define " as being the components of the inverse matrix of 7, such that

nﬂpnpy — 557

where % is the Kronecker symbol (1 if 4 = v and 0 otherwise). We have obviously
xt =n"zx, and

-1
0
0
0

Finally, we note that 22 = 0 does not imply # = 0, and we can have 22 < 0. The space-time
with this scalar product is called the Minkowsky space-time.

Let us check explicitely that this scalar product is invariant under the transformations
(7). We have for two 4-vectors p = (p°,p) and q = (¢°, q)

p/,uq;L — _pIOqIO 4 pllqll + plzq/2 + p/3q/3

v v v v
— <po 4 Ep1> (qo X Eql> npe (pl 4 Epo) (ql X qu) 402+ P
= P +p'd + ¢ + P
= Pla
and find the expected result. In general, we define a Lorentz scalar as a quantity invariant
under a change of inertial frame.

To give another illustration of this invariance, let us compute the square of the 4-
momentum:

P’ =p'p. = —(yme)® + (ym0)* = —m?*c?,
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which is indeed an invariant quantity. This last relation can also be written

E? = c2|]312 +m2ct.

Let us now see an example taken from classical electrodynamics. Maxwell’s equations
are of course relativistic since they describe the propagation of light and are at the origin of
the theory of relativity! Thus the scalar quantities appearing in the solutions of Maxwell’s
equations must be Lorentz scalars. We have for example the phase of a monochromatic
plane wave which can be written

0= —wt+ kit = ktz,,

where k* = (w/c, k). Since x, is a 4-vector and its scalar product with k* gives a Lorentz
scalar, we conclude that k* is a 4-vector. We can derive from this example the relativistic
Doppler effect. Suppose that a source of light of proper frequency wy (i.e. in a frame where
the source is at rest) and proper-time 7 moves with a constant velocity ¢ with respect to
an inertial observer who measures the frequency w, the time ¢ and the position 7 of the
source. If 77 is the unit vector pointing from the observer towards the source at the time of
emission, we know from the invariance of the phase 6 that during an infinitesimal motion

wodT = wdt — k.dF = wdt + gﬁ.df',
c
such that,

Wy = W ﬁ—i——ﬁ'dfﬁ = yw 1—|—@
o=\ Tt ar) T c

We note that, unlike the non-relativistic case, we have a Doppler effect when 7.7 = 0.

Let us now consider the situation of the derivatives with respect to space-time indices.
We have

(x?)

= @(xpxanpa)

= Npo(0h27 + 6,2")

= nguxg + nupxp

= 2z,

such that the derivative with respect to a contravariant component is a covariant compo-

nent. We can see in the same way that the derivative with respect to a covariant component
is a contravariant component. Thus we note



0 0

— =0, and — =0/, 8
Oxt . Oz, (®)
and the derivatives (8) are 4-vectors. If we come back to classical electrodynamics, the
conservation of the electric charge can be written

p - 0Ocp) 95"

=—+VJj= + 5= = 0, j" 9
ot 1= 000 T 9 wJ ()

where j* = (cp,]) is a 4-vector (the 4-current) since its scalar product with 0, gives zero

in any inertial frame (the 'continuity equation’ (9) is of course Lorentz invariant since it is

derived from Maxwell’s equations).

0

1.6 Tensors in Minkowsky space-time

Now that we have defined 4-vectors, we are naturally led to a generalization of this classifi-
cation of physical quantities with respect to their transformation under a change of inertial
frame, what will be done with tensors. Let us first define for this the tensorial product
M = M ® M, where M is the Minkowsky space-time. As M, M is a vector space. Its
dimension is 4 x 4 and its elements have the following properties

rRy+z2) = rQyu+r®z2
(ar)®y = z® (ay) =a(z®y),

where z, y and z are 4-vectors and a is a scalar. With these properties, we can write in
terms of components

r®y=1"y’e, Re, (10)

where e, ® e, are 4 x 4 basis tensors of M. The 16 components of x ® y are thus given by
aty”. A general tensor of rank two is a linear combination of terms like (10) and can be
written

T(Q) = T‘uyeu X ey, (11)

where T" are its contravariant components. By making r tensorial products, one can
define a tensor of rank r which has the general form

T(r) = T}Ll...ureul ® ® 6#7,.

We define the covariant components of a tensor as we did with the 4-vectors:

Tu v __ pr’r]“p and ij — Tpanupnuov

9



and similarily for higher order tensors. Finally we note that a 4-vector is a tensor of rank
1.

Let us now come to a fundamental property of tensors. This property deals with the
transformation law of a tensor under a change of inertial frame and can actually be seen
as a definition of tensors in Minkowsky space-time. In a general Lorentz transformation,
the components of a 4-vector transform like

at — " = A,

The specific example that was derived in section 3 is a particular case which took into
account the transformations of 2 and x! only. In this situation, the matrix A* was

ol

v 0
v v 0
0 1
0 0

v
A=

o O
b—‘Ooo

but we consider now a general Lorentz transformation, affecting all the 4 components z*.
The coefficients A# being constant, we have dz'*/0x” = A¥ and thus

B ox'H
- Oz

A general 4-vector can then be written in the two different frames

/
x'H

x”. (12)

/ / ax/u /
r=1x2"¢, and z=2ate, = x’e,,
H 8ZL’V H

such that the transformation of the basis 4-vectors is given by

/
B 8x“6,
o oxv we

€y

Then we conclude from the definition (11) that the contravariant components of a tensor
of rank 2 transform as
/ v
T _ Tpgax“ ox

OxP Ox°

Finally, the contravariant components of a tensor of rank r obviously transform as

(13)

/i1 !
ety i - o 977 00
p1 pr’

xr xr

10



and we recover the fact that a tensor of rank 1 (4-vector) transforms as Eq.(12).
We can check here that the metric tensor 7, satisfies the transformation law (13): if
x is a 4-vector, its square does not depend on the inertial frame and thus

m v
.73/2 _ .CE,H.TIVT] _ .Tp.TU 8:17 8:17 n
- v — V-
H OxP Oxe "
But we know that
2”? = 1% = 272710,
such that we must have
ox'* ox'v

_— = = /
,r]/JV axp axa ,r]PO' 77po'7

since the metric tensor is the same in all the inertial frames, what gives us the expected
result. We note that n* , = 0.

We can also check that the 4-vector 0" satisfies the expected transformation law (12).
The chain rule tells us that

g Or, 0 Ox
or), 0!, 0z, Ox

I

o =

Pap
/

"

To see that this is consistent with the expected law of transformation of a 4-vector, we can
take a derivative of the identity "> = 2% with respect to z/, to see that

_ 9z ,
o
m

i
so as, together with Eq.(12), we find

Oz, B ox'*
8% - Oxr

and obtain that d, transforms as expected:

ox'™
oxr
We defined the scalar product for 4-vectors and we can now extend this notion to

tensors. We call contraction of two indices the following operation. Let T(p) and K9 be
two tensors of rank 2. Starting from their contravariant components, we can construct

o = 0°.

11



RM = THP Ky, = TH Kp v _ T“p K",

which are the contravariant components of the new tensor R of rank 2. The contraction is
Lorentz invariant. This operation can be extended to any tensor of any rank and can also
be be done within the set of indices of a given tensor: for example, starting from a tensor
T(4y of rank 4, we can construct

v vVpo 12 v
P = T, = THP = TH P,

which are the components of a tensor Fp) of rank 2. The trace of a tensor of rank 2 is
defined as

tI'T(g):TMV’UMV:TMu:THM,

and is a Lorentz scalar. For example, the trace of the metric tensor is

trn=n"n, =9, =4

1.7 Maxwell’s equations in tensor notations

We come back to the origin of special relativity and claim that Maxwell’s equation should
be written in a compact way using tensors, since they are invariant under a change of
inertial frame. In what follows, we will take the constants pug =¢9 =c=1.

Let us look at the electric field

— 14) —
o gy
whose components can be written

oA oV
EF = ———
0x0  Oxk
= —0yA* -0,V
= "AF - 9FA°.

where we defined A° = V. The magnetic field

B=VxA

12



has the components

Bk = 5’““82-14]-
= PA — DA, (14)

123 132 _

where €% is the totally antisymmetric tensor (6123 = 1 and ¢ —1 as well as the circular

permutations, and the other components vanish).
Thus we are led to define the quantities

Fr = gAY — YA,

and have E* = F% and B* = F¥ (where i, j and k are such that e/ = 1).
Let us now consider the Maxwell-Gauss equation V.FE = 4mwp. The latter can be written

OE"
5 = O FO% = 475, (15)

where we have defined the 4-vector j* in section 5. Since F% = 0, Eq.(15) also reads
0, F" = 4rmj°. (16)
The Maxwell-Ampere equation V x B = 4rj + 0F /Ot can be written

€kijaiBj = EkijequﬁiﬁpAq = 47Tjk + aoEk (17)
It is easy to see that e"/e;,, = 0rd] — 0407, such that Eq.(17) can be written

0; (A" — 0’ AY) = i PV = Amj* + 0y F,
or

0, ™ = 4rj*. (18)
Finally, Eqgs.(16) and (18) can be put together to read

O, F" = Arjt.

which is the final form of these two Maxwell’s equations. The other two equations are a
consequence of the definition of F*. We now see that F* must be the components of
a tensor, since its contraction with 0, gives the 4-vector j#. We call it the field strength
tensor. We also find that A* are the components of a 4-vector (the 4-potential), since F*”
is composed out of 0" and A”.

13



1.8 Exercises

Exercise 1 Let p* be the components of a 4-vector and define the tensors L and T with
components

_

%
L pe

and T =t — L,

Compute the components (T'p)* and (Lp)* of the 4-vectors T'p and Lp and the components
(T?)*, (L*)* and (T'L)* of the tensors T?, L* and T'L. Conclude on the nature of T and
L. Show that the inverse of T+ aL is T + o~ 'L, where « is any non-zero real number.

Exercise 2 Let A*(x) be the components of the 4-potential depending on the 4-position z#
and define the field strength tensor F'(z) with components F* (z) = 0*A”(x) — 0V A*(x).
Show with a Fourier transform that (the integrals are taken over the space-time)

[P @) Fe) =2 [ R T 04,0 A D)

where p*T™ (p) = p*n*” — p*p” and the Fourier transform of a function ¢ is

d*p

6() = [ Garo@er

such that the Dirac distribution in momentum space is defined by

(2m)*6™W (p) = (2m)*a(p")6(p")6(p*)5(p*) = / Az T

Exercise 3 Let f be any function such that the integral

" = /d4x aha” f(x?)

is defined (the domain of integration is the whole space-time). Show that

" = in’“’/d‘lx 2 f (2%).

14



2 Tensor calculus in General Relativity

2.1 General setting

For reasons explained in the lesson on General Relativity, we need to describe gravitation
in a curved space-time. In Special Relativity, we imposed the transformation laws to
go from an inertial frame to another to be uniform in space and time, leading to linear
transformations of coordinates and thus of tensors. In a curved space-time, the tensors
(which are still defined as elements of a vector space) will be defined at a given point in
the tangent space-time, which is indeed a vector space.

Let us put this in a more quantitative way. We define first a manifold S of dimension
n as a topological space which can be decomposed as a union of open sets that can each
be mapped onto an open set of the vector space R", in a differentiable way. Therefore a
manifold is a 'smoothly curved surface’ that locally looks like a 'flat surface’.

A sphere is an example of manifold of dimension 2, but a cube is not: any open set
including an edge or a corner cannot be mapped onto an open set of R? in a differentiable
way.

Suppose now that the space-time is a manifold S of dimension 4, labeled by the coor-
dinates x*. Let M be a point of S and consider the tangent vector space S of & at the
point M, spanned by the 4-vectors

oM

e, = —.
o Ogn

The Strong Equivalence Principle ensures that this flat tangent space-time exists. Once we
have S, we can define the 4-vectors p and ¢ and their scalar product p.q with the properties
that we had in Special Relativity and:

p.qg =p'q’ep.e, = P'¢" g = P"¢" Gy,

where g,,, are the components of the metric tensor, depending on the coordinates of M.
We impose this scalar product to be independent of the parametrization of space-time,
i.e. of the frame where it is computed. It was already the case in Special Relativity for
uniform (linear) transformations and is now valid for any differentiable transformation of
coordinates.

We define the covariant components as z, = z"g,, and we define also ¢g" as the
components of the inverse metric tensor, such that

gupgpu = 55

We stress again that unlike the situation of Special Relativity, the metric tensor depends
here on the coordinates of the point M that we consider in the curved space-time.

15



Let us look now at the transformation of a tensor under a change of frame. If we take
other coordinates on the curved space-time, we can define another basis of 4-vectors in the
tangent space as

, OM  OM Oxf  0OxF
R TR N X TR
such that, with similar arguments that were made in Special Relativity, the contravariant
components of a tensor of rank r transform as

(19)

(&

750 e
T bt — TOLr ox ox

Oxrr " Qe
with the coefficients 0x'*i /0xP" being functions of coordinates, and not constants as they
were in flat space-time.

(20)

2.2 Curvilinear coordinates

Before going to a more specific study of curved space-times, let us derive some important
properties of curvilinear coordinates, valid in curved or flat spaces.

Lengths
Once we have defined the scalar product, the infinitesimal distance ds which separates
two points x and z + dx is by definition given by

ds® = datdx, = g,,dz"dz”,

such that the length [ of a curve parametrized by x#(s) between s; and s; is

- [l BT

This length is of course independent of the choice of coordinates.
Volumes

Let us first consider a vector space of dimension n and a set of n independent vec-
tors (€, ..., €,) which form a parallelepipedic area P and form also a basis of the vector

space, with coordinates (x!,...,2"). If (1, ...,T,) is an orthonormal basis with coordinates
(€1, ...,€™), the volume of P is

vz/Pdgl...dg".

We now make a change of variables from (¢ ..., £") to (x!,...,2™) and obtain

16



dz'...dz",

_ [ og*

where the determinant contains the coordinates ef = ¢;.1;, which are constants and therefore

el ... el
ock ei e’;
el .. en

It is more interesting to give for V' a component-independent expression:

EL.E ... €18,
V2 = |detA|* = |detA||detAT| = |det AAT| = | €1 - @O (21)
o8y .. B

We now come to curvilinear coordinates where an infinitesimal volume dV can be
considered as a parallelepipedic area spanned by the vectors (dz'éy, ..., dz"é,). We have
then with the multilinearity property of the determinants

(dV)? = (da...dz"™)?|det (e, e,)],

such that

dV = /|g|dz"...dz", (22)

where ¢ is the determinant of the metric tensor. Eq.(22) is the final expression of the
infinitesimal element of volume integration in curvilinear coordinates.

Example: spherical coordinates

Let us take the example of spherical coordinates in 3-dimensional (flat) space. The
curvilinear coordinates (r, 0, ¢) are defined from the euclidean coordinates (z,y, z) by

xr = rsinfcos¢
= rsinfsing
z = rcosé.

The basis vectors (€}, €, €3) corresponding to the system of curvilinear coordinates are

-

defined as in Eq.(19) from the orthonormal basis vectors (1], k) by

17



or_, Oy, O0z-

e = 8_1+§J+6_k_er
L, Or oy, 0Oz
€ = 6_¢1+0_¢ +6_¢k 7 sin fej,
5 = 2 +ay*+a—k— Cl
“T 9 a0 Tt T

where (€, €y, €p) form an orthonormal basis. The metric tensor is thus

1 0 0
g =1 0 r?sin?6 0 |,
0 0 r?
and its inverse
1 0 0
gkl = 0 r2 slin2 0 : (23)
0 0 5

From this result, we find that the determinant of the metric tensor is ¢ = 7*sin? # and thus
the infinitesimal volume is dV = r?sin Odrdfd¢, as well known.

We can also compute the gradient of a scalar function f in spherical coordinates. The
following definition of the gradient is independent of the basis:

Vi =g"ofa,
and we find from the inverse metric (23) that in spherical coordinates it reads
> of of 8f
vr — 4%z 29 5 G
/ 9 5t 5 5 y+9° 20

B 8fﬁ 1 of, 10f,
B 87’ +rsm€8q§¢+

as also well-known.

2.3 Covariant derivatives

Since the basis 4-vectors e, depend on space-time coordinates, a 4-vector v = v"e, will
depend on space-time coordinates via its components v” and via e,. We define then the
covariant derivative V, of v” as

dv =V, v"dz"e,. (24)
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To compute this covariant derivative, we first define the Christoffel symbol I'*,, by

de, = Oye,dx” =17, e,dx” (25)

and write then

dv = d(v’e,) = dv’e, +v"de,
oY
_ p PV ]l
= 6x”dx e, + 17, vWde,,

to conclude that

V' =090 +T17,, v (26)

The Christoffel symbols contain the information about the space-time geometry and its
properties will be seen in the next section. We can say here that in a flat space-time we can
always find a coordinate system where all the I', , vanish (this can be seen as a definition
of flat space-time).

We can then derive the covariant derivatives of the contravariant components of a
tensor. Let us consider a tensor of rank 2 for the sake of clarity. We have

dley = dT"e, ®e, +T" [de, ® e, + e, ® de,]
0,T" dx"e, ® e, + T, e ® e, dx’ +THIY e, @ e dx”
— apTﬂu + Taur,upa + TMUFVPU} eu ® €,jdl’p,

such that finally

v, " =0,T" + 1" T+ 1", T". (27)

For a tensor of rank r, we will have a contribution I’ for every indice y; with ¢ =1,.., 7.

We note that the covariant derivative of a scalar is its usual derivative, since by defi-

nition a scalar does not depend on the frame (the basis 4-vectors e, do not appear in its
definition).

We can also define the covariant derivatives of the covariant components of a 4-vector.

Let us consider for this a constant 4-vector w, i.e. with vanishing covariant derivative:

V,w” =0, such that J,w” = —I', , w”. The scalar product with a 4-vector v is then

d(vaw) = 0, (v.w)da! = w” (8“1)1, -7, Up) daxt.

But we also have d(v.w) = w.dv = w"V  v,dz*, so that

_ TP
Vv, =0v, =T ' Up
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We can show in a similarily way that for a tensor of rank 2
Vol =0,Tw —1°,, To, =1, Tyo. (28)
To conclude this section, let us look at the covariant derivatives of the metric tensor.
From Eq.(28) and the definition of g,, we have

Voduw = OpGuw — Fapu Gov — FUPV o
Oplen-ev) =% 9o =17, Guo
= I, ee, +19, epee =17, 9o =17, Guo,

such that finally

Vg = 0.

This important property is the analogue of 9,1, = 0 in flat space-time. We can show
now the similar property for the contravariant components ¢g"”. For a general matrix A
depending on a parameter ¢, we have by definition AA~! = 1, where 1 is the unity matrix.
Taking a derivative with respect to t gives (dA/dt)A~! + A(dA~!/dt) = 0 such that

dA~! dA
= A a4
dt dt

Applying this result to ¢g"” we obtain

9,9" = —g"(0,952) 9™ -

Thus we can write with the help of Eq.(27)

Vg = _gw(apgo)\)g)\y + gmjl—wpa + gwrypa
= —g" [QOQUA — GosT ) — 9T | 9™
= _g/w(vpgw\)g)\y

=0

2.4 Properties of the Cristoffel symbol

An important property of the Cristoffel symbol deals with its symmetry under the exchange
of its two lower indices. To see this, we use the commutativity of the derivatives and write

8,0,M = 0,0,M,
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so that d,e, = 0,€,. Then from the definition (25) we conclude that

re,=1°,,. (29)

Let us now give the expression of the Cristoffel symbols in terms of the metric tensor.
We have

dgu, = de,.e, +e,.de, =17, dxe,e, +17,, dz%e,.ep,

which implies

aUg,LLV = Fpau gPV + Fpa'l/ g/JP‘

We define then I';,, = I Gpo and can write

Oo Gy = Upow + Luop- (30)

If we make a circular permutation of the indices, we obtain the similar equations

aygau - Fm/,u + F,uz/o
augua = Fww' + Fauu' (31)

Using then the symmetry property (29) we obtain from Egs.(30) and (31)

1
Fcr,uz/ - 5 (au,gm/ + ayg;w - aaQ;w) (32>

Finally it is important to stress that I',,, are not the components of a tensor, what can
be checked by making a change of basis on the metric tensor. This comes from the fact
that the coefficients 0x'**/0x? appearing in the transformation law (20) are not constants
and thus will give an additional contribution in the derivatives of (32).

2.5 Parallel transport

We wish to generalize the notion of prallelism to curved space-time. Let C be a curve
parametrized by s. The tangent 4-vector ¢ of C is defined at each point by

dxt(s)
ds
We say that a given 4-vector v depending on space-time coordinates is parallely transported
along C if each of its component v” is a constant along C, i.e. if its (covariant) gradient
is always perpendicular to the tangent t: t#V,v” = 0 (remember that the gradient of a
function ¢ is perpendicular to the surfaces ¢ =constant). With the definition of ¢ and the
expression of the covariant derivative, the condition of parallel transport also reads

t =

(33)
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dv”
ds

+ 17, tho” =0,

since we have t#0,, = d/ds.

We can define a geodesic as a curve whose tangent is parallely transported, such that
for any v we have t#V ,t* = 0. With the definition (33) of the tangent, the equation of a
geodesic is then given by the equation

2.V
AR VL) (34)
ds? kP ds ds
We recognize in Eq.(34) the equation of the shortest paths in a curved space, as can be
found in the course of General Relativity. Thus the tangent of the trajectory of a ray of
light (which is a geodesic) is parallely transported.

2.6 Curvature tensor

To conclude with this introduction to tensor calculus in curved space-time, we introduce
the curvature tensor which plays a fundamental role in General Relativity since it appears
in the Einstein equation which describes the interplay between space-time geometry and
matter distribution.

In a flat space, if a vector is parallely transported along a closed curve, it will come
back to its initial configuration at the end of the transport. In a curved space it will not,
and the ’curvature tensor’ describes this change of configuration.

Consider a 4-vector parallely transported along a closed curve C of tangent ¢t = dx" /ds,
such that

dz"'V, Al = dz"0, A" + da"T¥,, AP =0 (35)
Its variation along C (circulation of its derivative) is then
AAF = 74 ', A" = — 7{ da'T", AP (36)
c c
We use then the generalization of Stokes’ theorem to 4 dimensions and write the circulation
(36) as a flux across a surface S limited by C:
oA
aAr = — [ a5 [o, (1, 47) = 0 (1%, 47)]

where dS°* = dx°dx™ — dx’dx' is the infinitesimal surface spanned by two infinitesimal
4-vectors dx and dz’ in the plane (o, \) (the justification if the same as the one which was
given in section 2.2: dS°?* is a two-dimensionnal 'volume’). Using again Eq.(35), we find

AAF — / dS° R™ AP,
S

pPOA
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where we define the curvature tensor R4 of rank 4 with components

Rupo.)\ = 80Fup)\ - a)\]:‘“a.p + Fu)\nrno_p - F“m?rm)\p (37)

Note the following important properties of R. First, R is a tensor, whereas the Cristoffel
symbols are not. This is because the unwanted terms appearing in I'* ,» in a change of
frame cancel in the expression (37). Then we have obviously the antisymmetric properties

R“ )\:_RH

po pAo

and R/prg)\ - _RP

HoA

We define then the Ricci tensor Ry which appears in the Einstein equation: this tensor
of rank 2 has components

R, =R’

o __ 14 o __ 1Y
pov 9p _Rumf 5;) _Rupv

Finally, the scalar curvature is defined as the trace of the Ricci tensor:
R=R,, ¢ =R} =R,

and its value is of course independent of the frame in which it is computed (a scalar is by
definition independent of the coordinate system and can be seen as a tensor of rank 0).
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